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Abstract
Various cohesive zone models have been applied to simulate fatigue crack growth. Here, an extended model is presented that
allows the prediction of damage evolution under monotonic as well as cyclic loading conditions. The proposed damage evolution
equation incorporates a local endurance limit which has been proven to enable the description of the relation of crack extension
rate vs. cyclic load in all stages. This study addresses the predictive capabilities of the model with respect to fatigue life under
homogeneous stress-based loading. The influences of the model parameters on life-time and endurance limit are investigated. Nu-
merical simulations with variable load amplitude demonstrate non-linear damage accumulation characteristics which qualitatively
match experimental observations.
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1. Introduction
The simulation of fatigue processes using the cohesive zone model requires cyclic cohesive zone models (CZMs).
In contrast to monotonic CZMs, they predict damage evolution under constant amplitude loading. For that purpose
a damage evolution equation is required. Such cyclic CZMs are proposed by e.g. Bouvard et al. (2009); Roe and
Siegmund (2003). The cyclic CZM approach presented by the authors in (Roth et al., 2014b; Roth and Kuna, 2013)
represents an extension to these models. The endurance limit is proposed as a state variable that is uniquely defined by
the damage state. Results of fatigue crack growth (FCG) simulations are presented. Static failure load, threshold load
and Paris law parameters of FCG rate curves (crack extension rate vs. cyclic load) could be identified independent of
each other. Furthermore, the cited publication reveals the classes of materials whose basic FCG properties are covered
by the model. In a subsequent study, the eﬀect of single overloads on the FCG behaviour has been analysed (Roth
et al., 2014a). Although homogeneous stress-based loading has been investigated to identify the cyclic parameters of
the CZM, the capabilities of the model to predict the fatigue life at complex loading conditions are not addressed yet.
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2. Cyclic cohesive zone model
Cohesive laws describe the interrelationship between the tractions transferred across the cohesive zone ti and the
displacement jump δi (separation) with the index i = n, r, s denoting one normal and two tangential directions, respec-
tively. Following the thermodynamical framework proposed by e.g. Bouvard et al. (2009), the traction coordinates
result from partial diﬀerentiation of a cohesive potential Γ with respect to the corresponding separation coordinates
ti
t0
=
∂Γ
∂
(
δi
δ0
) , i = n, r, s . (1)
The material parameters t0 and δ0 are the maximum transferable traction (cohesive strength) and the corresponding
separation, respectively. The latter is an intrinsic length parameter of the cohesive model. The cohesive potential
represents the amount of stored reversible energy of the particular material point normalised by t0δ0. The current
damage state is characterised by the “fundamental damage variable” 1 ≤ ¯D ≤ ∞. Under monotonic displacement (i.e.
separation) controlled loading conditions, the presented CZM predicts an exponential traction-separation relation. The
cohesive potential is proposed as
Γ(λ, ¯D) = 1
F
[
e − [1 + λF] exp(1 − λF)
]
(2)
with
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, (3)
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1 , ∀ ¯D < 1
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[
1 −
[
λ exp(1 − λ)
]ε]ω
, ∀ ¯D ≥ 1
, (4)
two shape parameters ε, ω, Euler’s number e, and the Lambert function W. Introducing the normalised eﬀective
traction τ and the normalised eﬀective separation λ
τ =
1
t0
√
t2n + t2r + t2s , λ =
1
δ0
√
〈δn〉2 + δ
2
r + δ
2
s , (5)
the cohesive law Eq. (1) reduces to the scalar relation
τ(λ, ¯D) = λF exp(1 − λF) . (6)
The monotonic traction-separation relation mentioned is found as
τTSE(λ) =
⎧⎪⎪⎨⎪⎪⎩
τ(λ, ¯D = 1) , ∀ λ < 1
τ(λ, ¯D = λ) , ∀ λ ≥ 1 . (7)
The area below this curve gives the normalised fracture energy density Γ0 = GIc/(t0δ0) which is a further model pa-
rameter depending on δ0 and the shape parameters ε and ω. For four sets of shape parameters, monotonic exponential
traction-separation envelopes (TSEs) are plotted in Fig. 1a. There, the normalised fracture energy density amounts
Γ0 = e = const. This quantity corresponds to the exponential CZM of Xu and Needleman (1993) (ε = 1, ω = 1).
Some unloading paths for selected damage states ( ¯D = {1 . . . 6}) described by Eq. (6) are depicted in Fig. 1b. More-
over, a conversion of the fundamental damage into the damage variable D ranging between zero (intact) and unity
(failed) is utilised, see (Roth et al., 2014b).
Initiation and accumulation of damage is controlled by the evolution equation of the fundamental damage variable,
˙
¯D =
[
λ
¯D
]
〈˙λ〉 H(λ − λe) . (8)
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Fig. 1: Characteristics of the monotonic CZM taken from (Roth et al., 2014b)
In this power law approach, the distance in λ-τ-space between the current state and the envelope is chosen to be a
measure for the damage rate, 0 ≤ λ/ ¯D ≤ 1. With the damage exponent , a further material parameter is introduced.
The MacAulay-brackets 〈˙λ〉 = 12 (˙λ + | ˙λ|) ensure damage evolution to occur only under loading conditions ˙λ > 0. In
contrast, damage is assumed to remain constant during unloading. Damage initiation depends on the evaluation of
the Heaviside step function H(λ − λe). Within this term, λe is the endurance separation which limits the endurable
states at given damage. Damage evolution necessarily requires a separation beyond λe. In Fig. 2a, the characteristic
un- and reloading behaviour is demonstrated qualitatively. Initial monotonic loading (I) is followed by unloading at
¯D = const. according to Eq. (6), (II). After load reversal, the former unloading path is taken until the endurance limit
is reached (E). At this point damage evolution sets in. With increasing load, the reloading path approximates the
monotonic envelope, (III).
Within the present CZM, the endurance limit is introduced as a damage dependent state variable. The endurance
limit is either formulated in terms of traction or separation. A two-parametric power law approach is proposed,
τe( ¯D) = τe0Gα . (9)
The endurance parameters are the initial endurance limit τe0 and the endurance exponent α. The endurance separation
λe is found with Eq. (6)
λe( ¯D) = − 1
F
W
⎛⎜⎜⎜⎜⎝−τ
e
0
e
Gα
⎞⎟⎟⎟⎟⎠ . (10)
The curve τe(λe) is named endurance locus. It describes the lower bound for damage evolution while the upper bound
is formed by the monotonic envelope (damage locus). Endurance loci of various damage exponents at constant initial
endurance limit are depicted in Fig. 2b. With τe0 = 1 and α = 1 the endurance and damage loci coincide. The cyclic
CZM then reduces to the monotonic one.
3. Prediction of fatigue life
In this section, the capabilities of the cyclic CZM to predict the fatigue life of tensile test specimens under uniaxial
stress-based loading conditions are studied. Homogeneous stress states are assumed throughout the specimens. The
simulations are performed with a load ratio of R = 0. The fatigue life is calculated under constant and variable
amplitude loading. In order to investigate the dependencies of life-time with respect to the parameters of the cyclic
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Fig. 2: Characteristics of the cyclic CZM taken from (Roth et al., 2014b)
CZM, some parameter sets were selected as summarised in Tab. 1. Compared to parameter set P1, one parameter of
τe0, α, and  is varied in each set of P3-P5. A TSE with trapezoidal shape and unchanged normalised fracture energy
density Γ0 is described with parameter set P2. Therefore, both shape parameters have been varied.
Table 1: Parameters of the cyclic CZM
set ε ω τe0 α  Γ0(ε, ω)
P1 1 1 0.25 1 2 e
P2 3.185 10 0.25 1 2 e
P3 1 1 0.2 1 2 e
P4 1 1 0.25 1000 2 e
P5 1 1 0.25 1 3 e
P6 1 1 0.4 2 1 e
P7 1 1 0.25 2 2 e
The response of the cyclic CZM to stress-based loading with load ratio R = 0 and an external load level τext =
2σa/t0 is demonstrated in Fig. 3. The load level τext = 0.6 represents an intermediate state between endurance
(τext < τe0 = 0.4) and abrupt failure (τext > 1). As depicted, the path of the first cycle is located at the TSE. The
fundamental damage initiates once the initial endurance limit τe0 is reached. During subsequent cycling, damage
evolves and the slope of the paths as well as the maximum attainable load level decrease. Once the external load is not
reached any longer by the reloading path, the structure fails. The fatigue life is indicated by Nf , which is the number of
cycles including the cycle where the failure occurs. Note that in contrast to displacement-based loading situations this
failure is not associated with the criterion D = 1. Here, failure occurs at comparatively low damage levels. Besides the
failure damage Df = 0.22, Fig. 3 provides the cyclic damage evolution whereby the damage contribution of each cycle
increases with increasing number of cycles. It should be emphasised that damage in the context of the CZM diﬀers
from the definition by Miner as the sum of the damage contributions of all cycles until failure, DfM =
∑
i Ni/Nfi = 1
(linear damage accumulation). Here, Ni denotes the number of applied load cycles, where σai, σmi, and Nfi mean the
respective stress amplitude, mean stress, and life-time under constant amplitude loading.
The dependency of the fatigue life with respect to the external load is illustrated in Fig. 4 for selected parameter
sets. As expected, the damage exponent  has a significant influence on the life-time. In Eq. (8) the parameter 
scales the damage rate which determines the curvature of the loading paths in the λ-τ diagram Fig. 3. This causes
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the pronounced increase of Nf for parameter set P5 ( = 3) compared to P1 ( = 2). The parameters defining the
endurance locus τe0 and α have minor influence on the fatigue-life for τ
ext > 0.5 (compare S-N curves of P1 (τe0 = 0.25)
vs. P3 (τe0 = 0.2) and P1 (α = 1) vs. P4 (α = 1000)). On the one hand side, this eﬀect arise from the low failure damage
Df and the nearly constant endurance limit, but also on the progression of damage evolution with increasing ratios
λ/ ¯D, see Eq. (8). The shape of the TSE is found to have a major impact on the predicted life-time which increases
considerably with increasing plateau width, i.e. the higher the shape parameter ω is (compare S-N curves of P1 vs.
P2 and respective TSEs in Fig. 1a). The more or less trapezoidal shape of the TSE is accompanied with little drop of
strength until ¯D ≈ 2.5 or D ≈ 0.4, respectively. That is why more cycles are necessary to meet the failure criterion.
Note that the interpretation of this relation is important within the assessment of the specific constituents of the cyclic
CZM. The shape of the TSE is primarily a monotonic property. In contrast, this study turns out its pronounced cyclic
meaning.
Beyond that, the shape of the TSE also determines the dependency of the endurance limit with respect to the damage
state. According to (Gatts, 1961), this relation is described by the endurance limit ratio ψ = τe/τe0. Experimental
observations (reported in e.g. (Haibach, 1989)) show a progressive degradation of ψ with increasing number of cycles.
Thus, an appropriate prediction of the cyclic CZM is desirable for both relations ψ(N) and ψ(D). Using Eq. (9) the
endurance ratio reads
ψ( ¯D) = τ
e
τe0
= Gα . (11)
Obviously, ψ depends on the endurance exponent α but also on the shape parameters ε and ω via Eq. (4). In Fig. 5,
three curves ψ(D) of diﬀerent parameter combinations are depicted exemplary. While the drop of the endurance
limit increases with increasing α, the introduction of a TSE with an distinct plateau yield the desired progressive
characteristic. Since the endurance locus results from scaling the damage locus (i.e. the TSE), the statements of
explanation mentioned above apply.
In Fig. 6, the results of cyclic loading with variable amplitudes are summarised (compare (Lemaitre and Desmorat,
2006)). Two load levels are applied: low τextL = 0.26 and high τextH = 0.5. Simulations with both load sequences,
low–high (solid lines) and high–low (dot-dashed lines) are performed. Parameter set P7 is chosen. The first amplitude
is applied for specific numbers of cycles in the range of 0 ≤ N1/Nf1 ≤ 1 with Nf1 taken from Fig. 4. Afterwards, the
second amplitude is applied until failure. The resulting cycle ratio N2/Nf2 is evaluated and plotted. In the case of linear
damage accumulation (Miner), the sum of both cycle ratios would equal to unity represented by a linear diagonal in
Fig. 6. Instead, the predicted relations diﬀer qualitatively. For τext1 > τ
ext
2 (high-low sequence) the damage state at
given cycle ratios N1/Nf1 exceeds that of τ
ext
1 < τ
ext
2 (low-high sequence). Thus, the number of cycles with the second
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amplitude is significantly lower which is a fact known from experiments. As discussed above, an elevated damage
state is associated with lower strength and endurance limit. Respective curves D(N1/Nf1) and ψ(N1/Nf1) are also shown
in Fig. 6.
4. Conclusions
An enhanced cyclic cohesive zone model is applied to homogeneous stress-based loading under constant and
variable amplitude loading. The presented results confirm its capability to predict non-linear damage accumulation
even in the sense of fatigue life. The shape of the traction-separation envelope is proven to play a significant role for
adjusting the model parameters to experimental data (i.e. fatigue life and endurance ratio). Thus, this study contributes
to a deeper understanding of fatigue modelling with the help of cohesive models.
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